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Birthplace of wave mechanics, 1925-6

~ Arosa — Privat-Villa Dr. }lerig, mit Erzhorn und Rothorn
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Quantization as an Eigenvalue problem — AdP, 26.01.1926

3. Quantisierung als Eigenwertproblem;
von E, Schrodinger.
(Erste Mitteilung.)

§ 1. In dieser Mxttellung muchte ich zuniichst an dem ein-
fach Fall des (nicht hen und ungestorten) Wasser- //
stoffatoms zeigen, daB die tibliche Quantisierungsvorschrift sich
durch eine andere Forderung ersetzen 18Bt, in der kein Wort ’D
von ,ganzen Zahlen“ mehr vorkommt. Vielmehr ergibt sich N
die Ganzzabligkeit auf dieselbe natiirliche Art, wie etwa die S_

@

Ganzzahligkeit der sztenzahl emer schwingenden Saite. Die
neus Aufj ist verall fihig und rithrt, wie ich
glaube, sehr tief an das wahre Wesen der Quantenvorschriften.

Die iibliche Form der letzteren kniipft an die Hamil-
tonsche partielle Differentialgleichung an:

88

1) H(g, 53~ E.
Hs wird von dieser Gleichung eine Lidsung gesucht, welche
sich darstellt als Summe von Funktionen je einer einzigen der
unabhingigen Variablen ¢,

‘Wir fithren nun fir § eine neue unbekannte v ein derart,
N daB 1y als ein Produkt von eingriffigen Funktionen der einzelnen

:r7ZWTCl)

4 t)/ Of

S
- Koordinaten erscheinen wiirde. D.h. wir setzen
S’ 2) S=Klgy.
Q Die Konstante X muf aus di ionellen Griinden eingefithrt
N werden, sie hat die Dimension einer Wirkung. Damit erbilt man
1 Hiq, — Fr )
) ('1, v ) E .

‘Wir suchen nun nickt eine Losung der Gleichung (1), sondern
wir stellen folgende Forderung. Gleichung (1°) 148t sich bei v
Vernachldssigung der Massenverinderlichkeit stets, bei Beriick- e
sichtigung derselben wenigstens dann, wenn es sich um das Ein- N—
elektronenproblem handelt, auf die Gestalt bringen: quadratische /
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Materiewellen / Matter waves (1926




Underlying laws . .. completely known

Quantum Mechanics of Many-Electron Systems.
By P. A. M. Dirac, St. John’s College, Cambridge.

(Communicated by R. H. Fowler, F.R.S.—Received March 12, 1929.)

§ 1. Introduction.

The general theory of quantum mechanics is now almost complete, the
imperfections that still remain being in connection with the exact fitting in
of the theory with relativity ideas. These give rise to difficulties only when
high-speed particles are involved, and are therefore of no importance in the con-
sideration of atomic and molecular structure and ordinary chemical reactions,
in which it is, indeed, usually sufficiently accurate if one neglects relativity
variation of mass with velocity and assumes only Coulomb forces between the
various electrons and atomic nuclei. The underlying physical laws necessary
for the mathematical theory of alarge part of physics and the whole of chemistry -
are thus completely known, and the difficulty is only that the exact application
of these laws leads to equations much too complicated to be soluble. It there-
fore becomes desirable that approximate practical methods of applying quantum
mechanics should be developed, which can lead to an explanation of the main
features of complex atomic systems without too much computation.
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http://www.jstor.org/stable/95222

‘Theories . ..Have Been Exploded’

Protesor At Einsiein ) Ste Arthur Stasley Pddington. Prnce Louls Ticor do Brogte. Dr. Erein Schrodinger. De. Wersee Bl
“God Is @ Mathematician Whose Wonders Are Revealed in Symbolic Abstractions and These Are His Prophets.

HOW TO EXPLAIN THE UNIVERSE? SCIENCE IN A QUANDARY
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AR sarae s bl ( ne After Another the Theories Put Out by the Scnemlsts Have Been Exploded and Now Science in Tts %3
i Uncertainty Has Been Forced to Become Idealistic and to Drop the Idea of a Mechanical Universe
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Schrodinger speaks

Broglie
Boretischer
ntitat 7:22

Erwin Schrodinger
Was ist Materie?

Enwin'Schisdiger
Was TSt Materic?
Originaltonaufnahmen, 86 Minuten:

supposé

Schrédinger Eq


http://www.suppose.de/texte/schroedinger.html

November 11, 1974: Ji) announced
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November 21, 1974: ete™ — 1)/
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1973: Perturbation theory for strong interactions?

QCD:  1/as(Q) = 1/ay() +

~ 0.25
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Charmonium (c¢) analogy to Positronium (e*e™)

Heavy Quarks and e * ¢~ Annihilation*

Thomas Appelquist{ and H. David Politzer}
Lyman Labovatory of Physics, Havvard University, Cambridge, Massachusetts 02138
(Received 19 November 1974)

The effects of new, heavy quarks are examined in a colored quark-gluon model. The
e*e” total cross section scales for energies far above any quark mass. However, it is
much greater than the scaling prediction in a domain about the nominal two—heavy-quark
threshold, despite o,.+,- being a weak-coupling problem above 2 GeV. We expect spikes
at the low end of this domain and a broad enhancement at the upper end.

Ps

14 s (37)
3.2ns(Ly-a)

1.0ns(27)
140ns (37)

043ns(27)
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http://dx.doi.org/10.1103/PhysRevLett.34.43
http://dx.doi.org/10.1142/S0217751X04020142

Charmonium spectroscopy
“Culturally determined” potential V(r) = —k/r + r/a

Spectroscopy of the New Mesons*

Thomas Appelquist,{ A. De Rdjula, and H. David Politzer}
Lyman Laboratory of Physics, Havvard University, Cambridge, Massachusetts 02138

and

S. L. Glashow$§

Center for Theoretical Physics, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139
(Received 11 December 1974)

The interpretation of the narrow boson resonances at 3.1 and 3.7 GeV as charmed
quark-antiquark bound states implies the existence of other states. Some of these should
be copiously produced in the radiative decays of the 3.7-GeV resonance. We estimate
the masses and decay rates of these states and emphasize the importance of y-ray spec-

troscopy.

Spectrum of Charmed Quark-Antiquark Bound States*

E. Eichten, K. Gottfried, T. Kinoshita, J. Kogut, K. D. Lane, and T.-M. Yanf
Labovatory of Nuclear Studies, Covnell University, Ithaca, New York 14853
(Received 17 December 1974)

The discovery of narrow resonances at 3.1 and 3.7 GeV and their interpretation as
charmed quark-antiquark bound states suggest additional narrow states between 3.0 and
4.3 GeV. A model which incorporates quark confinement is used to determine the quan-
tum numbers and estimate masses and decay widths of these states. Their existence
should be revealed by y-ray transitions among them.
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http://dx.doi.org/10.1103/PhysRevLett.34.365
http://dx.doi.org/10.1103/PhysRevLett.34.369

The classic charmonium states
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Schrédinger Equation



June 16, 1977: Upsilon discovery

p+ (Cu, Pt) — putp~ + anything


http://cds.cern.ch/record/1730227/files/vol17-issue7-8-p223-e.pdf?version=1

T: From discovery to calibration in dimuons
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T" — T spacing “same as” ¢/ — Jip

E288 M) — M(T) | M(T") — M(T)
Two-level fit 650 £ 30 MeV
Three-level fit 610 4+ 40 MeV | 1000 4= 120 MeV
M) — M(JR)) ~ 590 MeV

Underlying laws not entirely known!
What would AE independent of x imply about interaction?

V(r) = Clogr ~ AE independent of u

Schrédinger Equation



Schrodinger Equation in 3 dimensions

—z’—uv%(r) +[V(r) = E]V¥(r) =0

1. reduced mass of two-body system
r: relative coordinate
W(r): Schrodinger wave function
V/(r): interaction potential
E: energy eigenvalue

For a central potential V(r) = V/(r), separate
V(r) = R(r)Yim(0, ¢)




Radial Equation

Introduce reduced radial wave function u(r) = rR(r):

() = 2R {E V() - %} u(r)

Same form as 1-d Schrodinger eqn., with boundary conditions
u(0)=0 v'(0) = R(0)
Wave function normalization:

[ WP =1 [Fdru(r)?=1

Schrédinger Equation



Dependence on mass and coupling strength
Schrddinger equation with potential V(r) = Ar”:

2
Z—Nu"(r) + [E = Ar" — (€ + 1)h?/2pur*] u(r) =0

Bring to dimensionless form: 2/:/h? [\ = [A~7utt] c=1

Define scaled measure of length p = (h?/24 |\|) P/, choose p to eliminate
dependence on p and A, set w(p) = u(r)

2O\ 2P 2u)) 2\ P )
1 — E _ v _ —
v [(mw) s 0 (37y) o e

h2 )2P h2
—_— —e; [E] =
2u[Af 2u [E] =

Dimensions gone if p = —1/(2+v), E = (

w'(p) + e — sgn (\)p” — (¢ -+ 1)/p?lwlp) = 0|

Schrédinger Equation



Implications for level spacings

AE ~ (zﬂ/hZ)—u/(Z-i-z/)|/\|2/(2+u)

Potential Power v AE ~
Coulomb -1 w2
12 -1 MENE
Logarithmic —0 Cu°
Linear 1 p3 N3
Harmonic Oscillator 2 p L2\ |L2
oo Square Well — 00 pt

Schrédinger Equation



Implications for length scales

L~ (2| A|/12) 74/

Potential Power v L ~
Coulomb -1 (M)t
o RN
Logarithmic =0 (u|N)7Y?

Linear 1 (
Harmonic Oscillator 2 (| A|)~1/%
oo Square Well — oo

Schrédinger Equation



The Virial Theorem & Related Theorems

(Two examples of many)

s-wave (¢ = 0) wave function at the origin:

2 M ﬂ
vOr =2 ()

Kinetic energy (V ¢):




Wave function at the origin

_/oood, u(r)u(r) :/Ooodr %[E— V()] u(r)u'(r)

u/u// %(ulz)/ UU/ — %(u2)/
u(r? 2 u(r?|* 1op [ .
— = L[E-V ——L | dr[E-V
| TR E- VTS| 5% ) rE-VONu)
Evaluate, simplify: 0

2 2 /dV
'(0)° = R(0)* = 2———M/—¢66W— (5
t'(0)* = R(0)* = 4 [W(0)|* = — 75 [E 5 +h2<dr>

dv
v =_H_ [9%
VO = 5 (%)




Wave function at the origin: linear potential

V(r) = Ar

o p /dV . BA
MO _27rh2<dr> " 27rh?

...same for all s-waves

Far easier than solving the Schrodinger equation,
working out properties of Airy functions!

Schrédinger Equation



Virial Theorem

_/ooodrrU’(r)U”(f) :/Ooodrrz_u[E V()] u(r)u'(r)

/u// _ %(u/z) / _ %(uz)/

M %/ dr u/(r)? = %M —%/ dr u(r)u"(r)

Sch. eqn.: — %/0 dr?i—2 [E— V()]u(r)?= %h_,u (E—V)
Cﬁ o0
RHS: 2 1E v "L 2 2_5/0 dr (r[E — V()Y u(r)?

E-v)=m=(3%)

Schrédinger Equation



Virial theorem, (T) = ((r/2)dV/dr): special cases
Power-law: V(r) = Ar’, —2<v < o0
Logarithmic: V(r) = Cln(r/n)

(TY=E— (V) = <£mv—1> - g<v> —vE/(2+v)

Examples:

Coulomb, v =—1: (T)=—E =—%(V)

Harmonic oscillator, v =2: (T) = (V) = E/2

Logarithmic: (T) = <£ £> =C/2




Dualities

Connect bound-state spectra of V/(r) = Ar” (v > 0)
and V(r)=Ar" —2< (v <0)
Paired Schrodinger equations

2

wo, , U+ )R
ZU (r)—l—{E—)\r —Wlu(r) = 0

h? = < o 4 1)R?
ZV’/(Z)+|:E—)\Z —W} V(Z) =0

(v+2)(7+2) =4, E=\Np/v)? X\ =—E(p/v)%
z=rWR2 (04+1/2)%0% = (0 +1/2)%0?

familiar case Coulomb <= harmonic oscillator

Schrédinger Equation



Priority dispute with Isaac Newton

S. Chandrasekbay:

Grant & Rosner, “Classical orbits in power-law potentials”

Schrédinger Equation


https://global.oup.com/academic/product/newtons-principia-for-the-common-reader-9780198517443?q=chandrasekhar&lang=en&cc=ch
http://scitation.aip.org/content/aapt/journal/ajp/62/4/10.1119/1.17572

Number of narrow 3S; levels [0 = 2M(Qg) — 2M(Q)]

N A
k. CLASSICAL TURNING POINT
VL\") =48
l 8 J
0 >y

WKB semiclassical quantization condition:

[ o ul — VOO = (0~ Sy

local momentum

~ (= Fbelow 6 X /L for “any” potential

2 narrow ) s-wave levels = 3 - 4 narrow T s-wave levels

Schrédinger Equation


http://dx.doi.org/10.1016/0370-2693(78)90734-7

How n oc /f1 is realized for AE p(—1/3.0.1/3)

Schrédinger Equation



|W,(0)]? and the level density Evaluating the
nonrelativistic connection

dv
V0P =L (L
Va(0)] %m<m)

in semiclassical approximation, connect the square of the
s-wave wave function at the origin to the level density:

2 _ (2:“)3/2 1/2 dE,
VaO)F = 472 h3 E, dn
(for a nonsingular potential).

Elementary application
For V(r) = Ar, |[W,(0)|?: independent of n, ~» E, o< n?/3.



Reconstructing the potential from the spectrum
Semiclassical Inverse Problem

For a monotonically increasing potential, the semiclassical
quantization condition

[ drtzule - VO = (o= D

connects the shape of the potential to the level density:

(V)= o [ eV - 6y [ﬂ

cf. Gold’'man—Krivchenko, Problems in QM



https://www.amazon.de/Problems-Quantum-Mechanics-Dover-Physics/dp/0486675270

Designer potentials

Construct a symmetric, one-dimensional potential
that supports NV bound states at specified E,

...out of reflectionless potentials
V(x) = —2r2 sech?[k(x — xp)]
...single bound state at £ = —x?

N-level reflectionless potential: N-solitary-wave solution to
Ve — 6wy + viox = 0 (Korteweg—de Vries)

“I was observing the motion of a boat which was rapidly drawn along a narrow channel by a pair of horses, when the boat
suddenly stopped - not so the mass of water in the channel which it had put in motion; it accumulated round the prow of the
vessel in a state of violent agitation, then suddenly leaving it behind, rolled forward with great velocity, assuming the form of a
large solitary elevation, a rounded, smooth and well-defined heap of water, which continued its course along the channel
apparently without change of form or diminution of speed. | followed it on horseback, and overtook it still rolling on at a rate of
some eight or nine miles an hour, preserving its original figure some thirty feet long and a foot to a foot and a half in height. Its
height gradually diminished, and after a chase of one or two miles | lost it in the windings of the channel. Such, in the month of
August 1834, was my first chance interview with that singular and beautiful phenomenon which | have called the Wave of
Translation.” — John Scott Russell

Schrédinger Equation


http://journals.aps.org/prd/pdf/10.1103/PhysRevD.18.274
http://www.macs.hw.ac.uk/~chris/Scott-Russell/SR44.pdf
http://www.macs.hw.ac.uk/~chris/Scott-Russell/SR44.pdf
http://www.macs.hw.ac.uk/~chris/Scott-Russell/SR44.pdf
http://www.macs.hw.ac.uk/~chris/Scott-Russell/SR44.pdf
http://www.macs.hw.ac.uk/~chris/Scott-Russell/SR44.pdf
http://www.macs.hw.ac.uk/~chris/Scott-Russell/SR44.pdf
http://www.macs.hw.ac.uk/~chris/Scott-Russell/SR44.pdf
http://www.macs.hw.ac.uk/~chris/Scott-Russell/SR44.pdf
http://www.macs.hw.ac.uk/~chris/Scott-Russell/SR44.pdf

de Vries solitons:

Reflectionless potentials as Korteweg

harmonic oscillator example

In one dimension, specify energy eigenvalues:

34 /45
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http://dx.doi.org/10.1103/PhysRevD.18.274

Flavor independence of the QQ interaction

In three dimensions, specify energy eigenvalues
(odd-parity) and wave functions at origin (even-parity)

V(x) (Gev)

from charmonium

from bottomonium

.
x(Gev™)
(c€) spectrum on left, (bb) on

Chris Quigg (FNAL)
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right in each frame
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V(x) (Gev)
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http://dx.doi.org/10.1103/PhysRevD.23.2625

No degenerate levels in one dimensional QM

(simple Wronskian proof, if no pathologies)

As levels approach, two buckets retreat to +o0


http://scitation.aip.org/content/aapt/journal/ajp/48/11/10.1119/1.12203

Band structure ~» periodic potential:

3 levels

Vix)

T

Vix)

Chris Quigg (FNAL)
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o 2 4 € ERC
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http://scitation.aip.org/content/aapt/journal/ajp/48/11/10.1119/1.12203

Band structure ~» perlodlc potential: 8 levels
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v and T narrow levels

cc spectrum bb spectrum
4.0
06 Y(4351)(10.579) )
s —yCDa)3823) | | 0T T TT= EE T4 03 I
k —D)B.773) | 0358 ——
”””” I YT N _raes _ xdlozes)  ——
X (363

3 n(3.639) xczg 21515)) 0.2 hy'(10. 260)—“0(10 (10260) yapy 310 164)
3 h(3525)— X« Y(10.023)
= 0(3.41 0.0) —
8 3.4 X<0o(3.415) n,'{8.999) sz((gggg;gg
= 08 hs(9.899) = 20(9.859)

3.2

J/y (3.097) 06
3.0 — Y(9.460)
n:(2.984) . .
o YCEE)
28 02
s P D F ’ 3 P D F G
+ 2 narrow states still unobserved 18 narrow states still unobserved

Eichten
13(3840) 3D3(JPC =377) = DD [rt7~ J], T < few MeV
Ne2(3825) 1Dy(JPC = 27) — hadrons, I ~ 110 keV

Schrédinger Equation


https://indico.cern.ch/event/549031/contributions/2313132/attachments/1355053/2051420/eichten_LHCb16.pdf

Mesons with beauty and charm

be spectrum

7.5¢

7.0¢

Mass (GeV)

— M(Bc) = 6275.1 £ 1.0 MeV

LQCD: M(B}) — M(Bc) = 54 & 3 MeV
6.5 M(B}) = 6329 MeV
M(B}') = 6892 MeV  M(B.) = 6860 MeV

! L ! L

3 P [5} F G
14 narrow states expected below flavor threshold Eichten / CQ

Schrédinger Equation



Static potential from (2 + 1)-flavor lattice QCD

0.5 F ‘
ry V(r)
0 L
0.5 +
g [
a1 2 o
Ef B=7.030 =
B=7.150 =
15 | 2 p=7.280
. p=7.373 e
20 B=7.596 -
p=7.825
251 & ‘ ‘ ‘ ‘ riry ]

0 02 04 06 08 1 1.2

Matches phenomenological determinations HotQCD Collaboration

Schrédinger Equation


http://dx.doi.org/10.1103/PhysRevD.90.094503

uarkonium-associated states

State ) T ) S Proces (mode) Experiment () Year Statue
X srasar ) 02t B K@) Belle (75 (50, Babar [5] (wp) 204 OK
e s etewlfy Bell (7] (7.1), Babiar 77 (19)

Xal?P)  W2E26 2 2 e et (DD) Belle (7 (5.3, Balsor 79 w5 0K

X(ao10) Wt a7 e o gD Belle (80 (60) o7 Nt
Table 2: As in Table 1, but for new states near the first open flavor thresholds in the 2 and bb y - I dAd Bele [22](5.0) _
regions, ordered by mass. For X (3872), the values given are based only upon decays to 7+ —J /4. YOO A0Sy 26407 ol T Belle (1] (7.4) 2007 Ner
Updated from (7] with kind permission, copyright (2011), Springer, and [§] with kind permission Aot wst et B K alr) Belle 82 (50, Babr (83 (1) 205 NC

YO asE26 1825 70 B K (el CDF (8155) (.0) w0 Ner

from the authors
] (1), CMS 8] (>3)

Belle (8] (1.9), LHCD [39] (1.4), BaBr [50]

State V) T ey e Proces (mode) Experiment (#0) Year Status
e et (oI Belle (0] (32) w0 Nt
X)L <1z 1 B K i) Bele 12,49 (103, Babbar [4] (85) 203 OK Xy sl et gy (D) Belle 0] (5.5) wr Nt
P )+ COF [45-47] (o), DO 48] (52) Zeazo)t el B K Bele 1] (62) 2 No
B Kwlfy) Balle (19 (43), Babar 0] (19) 0’ sty - samx xat?) Belle [821 (50, Babar s3] (20) 2008 NC!
B K(DD") Belle [5152] (6.4), BaBar (53] (4.9) (4260) 42633 - et ) BaBar [93.04] (8.0) 005 OK
B K1) Belle (5] (40), Babar (5556 (3, CLEO (3] (5.0, Belle [81](15)
LHCh [57) (>10) e o () CLEO ] (1)
B K08 Baliar [50] (35), Belle (34 (0.9, e (On03fe) CLEo b (5.1)
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¥ (1260,1360) - 7 he) BESI 8] > 5) s e B o
V(4200) + 7~(0° D) BESIN (69 10) X(a630) aoat et 1 e 108 (82) w7 Ne
Y 20D BESI 1 59) Voo e aeis 1 e 10, wz] Gy (00 () 207 Nt
Z0000) 0672520 184£24 17 TO0%0) 5~ (7T(15,25 Belle [11) > 10) [72] o Nat T et mem G ) e ok
TO0860) > ({17, 2P)) dle 71 16)
T(0%0) - 7 (T(18,25,35)) Balle 7] (63)
“T(0se0) — x(BB°) Bele 74] > 5)
Z0000) 06215 15E22 17 TO0%0) - 5 (7 T(15,25.39) Bl 1) >10) o ok
T80 5 B(17,2P) Bele 71 16)
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Table 3: As in Table 1, but for new states above the first open flavor thresholds in the cc and
b regions, ordered by mass. X(3945) and ¥(3940) have been subsumed under X (3940) due to
compatible properties. The x.o(3915) is now changed back to X(3915) as explained in the main
text. The state known as Z(3930) appears as the x2(2P) in Table 1. Tn some cases experiment
still allows two J7C values, in which case both appear. See also the reviews in [1-8].

hrodinger Equati



Quarkonium < Schrodinger Equation

Using nonrelativistic quantum mechanics embodied in the
Schrodinger Equation, we (work of many hands) have . ..

Made a template for the ccC states: 1P levels as key test
Shown flavor-independence of the Q-Q interaction
Characterized the form of the Q-Q interaction
Determined b-quark charge, before B-meson discovery
Created a predictive Quarkonium spectroscopy
Probed Lorentz structure of the confining potential
Built a bridge to quantitative lattice-QCD spectroscopy
Established E1, M1, hadronic transition systematics
Predicted B, ground state
Adapted and generalized the classic sum rules
Constructed framework for analyzing new “exotic” states
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Quarkonium < Schrodinger Equation

Pursuing questions raised by the existence of the c¢c and
bb families, with m,/m. ~ 3 - 4, we have

Derived many results either new or forgotten for 40 years
Deduced scaling laws (power-law potentials)
Exploited, generalized virial theorem, etc.
Related bound states of singular & confining potentials
Counted narrow levels, semiclassically
Connected [W(0)|* with level density
Built up phenomenological potentials from KdV solitons
Gained fresh insights into band structure and periodicity
Learned lessons they don't teach you in school!
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Generalized virial theorems

For general values of ¢, write
—u"(r) = Lu(r),
with £ = (20/12) [E = V() — £(¢ + 1)i2/2ur]
Apply [“dr r9u’(r). Noting that u,(r) = a;r*™* as r — 0, we discover
(20 +1)?a)0g, 20 = — (2qrT 'L+ rIL + 2q(qg — 1)(g — 2)r773)
for g > —2/.
Coulomb potential, V(r) = — |\ rt:

o U0+ 12 3% + ((0+ 1)R?
C4E - 2ulA 24|l




Dual power-law potentials (V = Ar”, V= S\rﬂ)




a%; and level density V/
2 _ (Z“Enﬁ/hz)“% 8(2MEn€/h2)
T ROFDIE T on
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